Electron scattering in a superlattice of line defects on the surface of
  topological insulators by Dehnavi, H. et al.
Electron scattering in a superlattice of line defects on the surface of topological insulators
H. Dehnavi,1 A. A. Masoudi,2, 1, ∗ M. Saadat,3 H. Ghadiri,1 and A. Saffarzadeh4, 5, †
1Department of Physics, North Tehran Branch, Islamic Azad University, Tehran, Iran
2Department of Physics, Alzahra University, Tehran 1993891167, Iran
3Department of Physics, Shahid Rajaee Teacher Training University, Tehran, Iran
4Department of Physics, Payame Noor University, P.O. Box 19395-3697 Tehran, Iran
5Department of Physics, Simon Fraser University, Burnaby, British Columbia, Canada V5A 1S6
(Dated: July 28, 2020)
The electron scattering from periodic line defects on the surface of topological insulators with hexagonal
warping effect is investigated theoretically by means of a transfer matrix method. The influence of surface line
defects, acting as structural ripples on propagation of electrons are studied in two perpendicular directions due to
the asymmetry of warped energy contour under momentum exchange. The transmission profiles and the details
of resonant peaks which vary with the number of defects and the strength of their potentials are strongly depen-
dent on the direction in which the line defects extend. At low energies, the quantum interference between the
incident and reflected propagating electrons has the dominant contribution in transmission resonances, while at
high energies the multiple scattering processes on the constant-energy contour also appear because of the strong
warping effect. By increasing the spatial separation between the line defects, the minimum value of electrical
conductance remains significantly high at low incident energies, while the minimum value may approach zero
at high energies as the number of defects is increased. Our findings suggest that the potential ripples on the
surface of topological insulators can be utilized to control the local electronic properties of these materials.
I. INTRODUCTION
Three-dimensional (3D) topological insulators have at-
tracted a great deal of attention in the fields of condensed
matter physics and materials science due to their scientific
importance as a novel quantum state and their spintronic ap-
plications [1–3]. The peculiar behavior of these materials in
general, with an insulating bulk energy gap and gapless sur-
face states is originated from the strong spin-orbit coupling
and time-reversal symmetry [4–7]. In other words, the con-
ductive surface states in such materials are preserved, as long
as the time reversal symmetry remains unbroken [8–10].
The scattering of electron wave function by impurities on
the surface of topological insulators plays a dominant role
in electronic properties of these materials [11–14]. The ex-
istence of impurities in the presence of electric field and spin-
orbit interaction, may cause a spin-dependent dispersion of
electrons. In fact, the non-polarized spin beams deviate to the
edges of the surface, and hence, the scattering amplitude be-
comes spin-dependent. This effect was empirically observed
in thin layers of GaAs and InGaAs [15]. It has been reported
that the impurities can also reshape the surface Dirac cone of
the 3D topological insulator Bi2Se3 [14]. On the other hand,
magnetic impurities can open up a local energy gap, suppress
the local density of states, and induce an RKKY interaction in
the system [11, 12].
Besides impurities, surface defects and ripples in these ma-
terials can also scatter Dirac electrons. Bismuth-based topo-
logical insulators, such as Bi2Se3 and Bi2Te3 [16] are inex-
pensive materials that can be prepared easily with excellent
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conductivity on their surfaces [17]. Okada et al. [18], cre-
ated a series of ripples on the surface of Bi2Te3, suggesting
that two-dimensional (2D) ripples are an efficient method for
controlling the properties of Dirac fermions in topological in-
sulators. Such local ripples are imposed by periodic buckling
which can be created during the sample growth or by inducing
strain through a piezoelectric crystal [18].
The one-dimensional periodic potentials (superlattice) on
the surface of materials are responsible for trapping the sur-
face electrons and shifting the energy bands. In this regard,
regular line defects (local ripples) on the surface of topolog-
ical insulators, can be modeled by delta-function potentials
[19–21]. Using a quantum mechanical approach, An et al.,
[19] investigated the surface states scattering from a potential
barrier (single line defect) in Bi2Te3 with hexagonal warping
effect. They showed that the transmission of incident elec-
trons can be perfect when the line defect is along ΓM, while
there is a finite probability for electrons to be reflected when
the defect runs along ΓK. As the Fermi energy is increased,
the warping parameter becomes responsible for variation of
constant-energy contour (CEC) from a circular shape to a
hexagon and then to a snowflake with sharp tips along the ΓM
directions. The warped CEC is modulated by external mag-
netic field [22] or magnetic proximity effect [23]. Moreover,
the warping strength may considerably enhance the electric
conductance at high energies relative to the Dirac point as a re-
sult of the induced-transport channels by the snowflake shape
of the CEC [23]. The influence of two and three delta-function
potentials along ΓK on the transmission of incident electrons
in Bi2Te3 has also been reported [21]. The results showed that
the electric conductance oscillates with delta-function poten-
tial strength and that the electronic transport on the surface of
the topological insulator can be controlled by structural pa-
rameters.
The aim of this paper is to explore the influence of struc-
tural ripples on electronic transport in topological insulators
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2with warped surface states. We consider a series of local
potential barriers in both ΓK and ΓM directions. We obtain
transmission and reflection coefficients and also conductance
of incident electrons through the superlattice of potential for
different structural parameters, namely the number of poten-
tial barriers, potential strength, the distance between barriers,
incident electron energy, and the angle of incidence.
II. METHOD
We consider the 3D topological insulator Bi2Te3 with
strong warping effects and a Dirac cone on its surface. By
tuning the Fermi level on the surface states, one can ignore the
interaction between surface and bulk states [24]. The single-
particle Hamiltonian for the surface electrons with hexagonal
warped states can be expressed as
H(px, py) = v(pxσy − pyσx) + λ(p3x − 3pxp2y)σz, (1)
where px = −i~∂x and py = −i~∂y are the 2D momentum
operators of surface electrons, σj(j = x, y, z) are the Pauli
spin matrices, v = 2.55 eV·A˚ is the Fermi velocity, and λ =
250 eV·A˚3 is the warping parameter [24, 25]. The energy
eigenvalues and eigenstates of the Hamiltonian in units of ~ =
1 are given as [26, 27]
Ek = ±
√
λ2(k3x − 3kxk2y)2 + v2(k2x + k2y), (2)
ψk(r) =
1
2piNk
(
φk + Ek
v(ikx − ky)
)
ei(kxx+kyy), (3)
where Nk is a normalization factor and φk = λkx(k2x − 3k2y)
[19]. In the case of electron propagation in ΓK(x) direction,
we introduce ψ˜k(r) as
ψ˜k(r) =
1√| vx(k) |ψk(r). (4)
The expectation value of current operator in that direction,
vˆx, is obtained as 〈ψ˜k|vˆx|ψ˜k〉 = vx(k)|vx(k)| where vx(k) =
(∂Ek/∂kx)ky . This leads to a more physical expression for
the current conservation [19]. Note that the dispersion relation
Ek is dependent on warping parameter which manifests itself
as interesting features, shown in Fig. 1. We can see that the
CEC deforms from circular to hexagon and then to snowflake
shapes, as the Fermi energy is increased. Therefore, we expect
different transport spectra in kx and ky directions that will be
discussed below [24, 25, 28].
For the fixed energy Ek and ky values and in the case of
Ek > Ecx ' 373 meV, in a special range of ky where CEC
has inflection points (see Fig. 1), Eq. (2) has six real roots
for kx which are symmetric (out of this range we have two
real and four complex roots). The solution indicates that in
the presence of a delta-function potential barrier, an incom-
ing electron wave from the left will have three propagating
reflected waves towards the left, and three propagating trans-
mitted waves towards the right which are the manifestation
FIG. 1: The constant-energy contours of 2D Bi2Te3 at different en-
ergies measured from the Dirac point.
of warping effect. We call them kxα (α = 1, 2, · · · , 6) with
kx1 > 0, kx2 = −kx1 , kx5 > 0, kx6 = −kx5 corre-
sponding to electron-like propagation because for these roots
kxαvx(kxα , ky) > 0. Also, kx3 < 0 and kx4 = −kx3
correspond to hole-like propagation because for these roots
kxαvx(kxα , ky) < 0. If Ek < Ecx we will have two real
roots kx1 > 0, kx2 = −kx1 and four complex roots kx3 ,
kx4 = −kx3 , kx5 and kx6 = −kx5 so that Im(kx3) > 0,
Im(kx4) < 0, Im(kx5) > 0 and Im(kx6) < 0. There is a simi-
lar discussion when Ek and kx values are known. In this case,
the characteristics equation in terms of ky is of order four. For
Ek > Ecy ' 180 meV, in a special range of kx, four ky
values are real; two propagating modes are electron like and
two modes are hole like, indicating that an incoming electron
wave from the left will have two propagating reflected waves
towards the left, and two propagating transmitted waves to-
wards the right in the presence of a delta-function potential
barrier. For Ek < Ecy , two modes decay in far distances and
the other two modes are propagating [19, 21].
We distinguish different values of kx and ky by index
(kαx, kαy) and for future purpose we write Eq. (4) in the fol-
lowing form
ψ˜kα(r) =
c(1)kα
c
(2)
kα
 ei(kαxx+kαyy), (5)
A. A superlattice of line defects along ΓK(x)
First, we model structural ripples as a regular array of N
delta-function potentials (line defects, as shown in Fig. 2)
on the surface of topological insulator Bi2Te3 along x di-
rection (ΓK direction in k-space, shown in Fig. 1), namely
the ripples are parallel to y axes. Note that the advantage of
delta-function potentials over other forms of scattering poten-
tials, such as rectangular barriers, is that electrons on upper
3x
V (x)
0 d 2d nd(n− 1)d (N − 1)d
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FIG. 2: Schematics of the superlattice potential consisting of N
delta-function potential barriers (line defects) along x direction
which represent structural ripples on the surface of topological in-
sulators Bi2Te3.
and lower surface potentials on both sides of the defects have
the same surface potential and there is no potential difference
across each line defect. Therefore, the model Hamiltonian
(1) remains valid, because electron energy in all scattering
regions does not violate the well-defined low-energy region
[19]. The potential function of these defects is expressed as
V (x) =
N−1∑
n=0
Uδ(x− nd). (6)
Here, U is the strength of delta-function potential and d (lat-
tice constant) is the distance between two adjacent potentials.
It is worth mentioning that an experimental observation [18]
on the surface of Bi2Te3 has shown that a periodic modulation
of atomic positions (buckling) perpendicular to the surface is
an efficient method for manipulating local electronic proper-
ties. In this regard, a physical buckling was created by apply-
ing the periodic bias voltage 300 mV on the surface. Such a
bias voltage can be modeled as a potential barrier with height
0.3 eV and width 1 A˚, that is U = 0.3 eV·A˚. Note that in the
present model, the parameter U can take any values as long as
electron energy remains in the well-defined low-energy region
[19].
The electron wave function in the region of (n−1)d < x <
nd is given by
Ψ
(n)
k (r) =
6∑
α=1
a(n)α ψ˜kα(r), (7)
that is the solution of eigenvalue equation {H(−i∂x, ky) +∑N−1
n=0 Uδ(x − nd)}Ψ(n)k (r) = EΨ(n)k (r). Therefore, the
boundary condition at x = nd would be in the following form
Ψ
(n)
k (r)|(x=nd,y) = Ψ(n+1)k (r)|(x=nd,y),
∂xΨ
(n)
k (r)|(x=nd,y) = ∂xΨ(n+1)k (r)|(x=nd,y), (8)
∂2x(Ψ
(n+1)
k (r)−Ψ(n)k (r))|(x=nd,y) = iησzΨ(n)k (r)|(x=nd,y),
where η = Uv [19]. Note that the above eigenvalue equa-
tion is a third-order partial differential equation with respect
to x. The first and second conditions above are the continu-
ities of the wave function and its first derivative, respectively,
at x = nd. The third condition results from the disconti-
nuity of the second derivative of the wave function due to
the delta-function potential and can be obtained by integrat-
ing the above eigenvalue equation between x = nd+ 0− and
x = nd+0+. After imposing the boundary conditions, we ob-
tain the following relation between wave-function coefficients
a
(n)
α and a
(n+1)
α
a(n+1)α =
6∑
β=1
T
(n)
αβ a
(n)
β , (9)
where T (n) = (Z−1n A
−1BZn) is the transfer matrix from nth
defect to (n+1)th defect. Here,A,B andZn are 6×6 matrices
which are given as
A =

c
(1)
k1
c
(1)
k3
c
(1)
k5
c
(1)
k2
c
(1)
k4
c
(1)
k6
c
(2)
k1
c
(2)
k3
c
(2)
k5
c
(2)
k2
c
(2)
k4
c
(2)
k6
(ikx1)c
(1)
k1
(ikx3)c
(1)
k3
(ikx5)c
(1)
k5
(ikx2)c
(1)
k2
(ikx4)c
(1)
k4
(ikx6)c
(1)
k6
(ikx1)c
(2)
k1
(ikx3)c
(2)
k3
(ikx5)c
(2)
k5
(ikx2)c
(2)
k2
(ikx4)c
(2)
k4
(ikx6)c
(2)
k6
(k2x1 + ivη/λ)c
(1)
k1
(k2x3 + ivη/λ)c
(1)
k3
(k2x5 + ivη/λ)c
(1)
k5
(k2x2 + ivη/λ)c
(1)
k2
(k2x4 + ivη/λ)c
(1)
k4
(k2x6 + ivη/λ)c
(1)
k6
(k2x1 − ivη/λ)c(2)k1 (k2x3 − ivη/λ)c
(2)
k3
(k2x5 − ivη/λ)c(2)k5 (k2x2 − ivη/λ)c
(2)
k2
(k2x4 − ivη/λ)c(2)k4 (k2x6 − ivη/λ)c
(2)
k6

,(10)
4B =

c
(1)
k1
c
(1)
k3
c
(1)
k5
c
(1)
k2
c
(1)
k4
c
(1)
k6
c
(2)
k1
c
(2)
k3
c
(2)
k5
c
(2)
k2
c
(2)
k4
c
(2)
k6
(ikx1)c
(1)
k1
(ikx3)c
(1)
k3
(ikx5c
(1)
k5
(ikx2)c
(1)
k2
(ikx4)c
(1)
k4
(ikx6)c
(1)
k6
(ikx1)c
(2)
k1
(ikx3)c
(2)
k3
(ikx5)c
(2)
k5
(ikx2)c
(2)
k2
(ikx4)c
(2)
k4
(ikx6)c
(2)
k6
(k2x1)c
(1)
k1
(k2x3)c
(1)
k3
(k2x5)c
(1)
k5
(k2x2)c
(1)
k2
(k2x4)c
(1)
k4
(k2x6)c
(1)
k6
(k2x1)c
(2)
k1
(k2x3)c
(2)
k3
(k2x5)c
(2)
k5
(k2x2)c
(2)
k2
(k2x4)c
(2)
k4
(k2x6)c
(2)
k6

, (11)
Zn = diag
(
eikx1nd eikx3nd eikx5nd eikx2nd eikx4nd eikx6nd
)
. (12)
If we introduce T as the total transfer matrix, then the relation
between scattering coefficients of the incoming electrons at
x ≤ 0 and those of the outgoing electrons at x ≥ (N − 1)d
can be written as
a(N)α =
6∑
β=1
Tαβa
(0)
β , (13)
with
T =
[
T (N−1) · · ·T (1)T (0)
]
. (14)
Also, the wave-function coefficients in Eq.(13) are given as
a(0) = (1, 0, 0, r1, r2, r3),
a(N) = (t1, t2, t3, 0, 0, 0), (15)
where rγ and tγ (γ = 1, 2, 3) are the reflection and transmis-
sion amplitudes. If all six kxα (α = 1, · · · , 6) values are real,
then the transmission and reflection probabilities are obtained
from T =
∑3
γ=1 |tγ |2 and R =
∑3
γ=1 |rγ |2, respectively.
On the other hand, if only two kxα values are real then the
corresponding probabilities are calculated by T = |t1|2 and
R = |r1|2.
B. A superlattice of line defects along ΓM(y)
We now consider structural ripples as a regular array of
N delta-function potentials (line defects) on the surface of
Bi2Te3 in y direction, namely the ripples are parallel to x axes
(ΓM direction in k-space, shown in Fig. 1). Similar to Eq.
(6), the potential function of such defects is given as
V (y) =
N−1∑
n=0
Uδ(y − nd). (16)
In this case, for given values of Ek and kx, the characteristic
equation in terms of ky is of order four and in general has four
roots. As can be seen in Eq. (1), the Hamiltonian is not sym-
metric under px ←→ py transformation. Therefore, the new
boundary conditions corresponding to the eigenvalue equation
{H(kx,−i∂y) +
∑N−1
n=0 Uδ(y − nd)}Ψ(n)k (r) = EΨ(n)k (r),
that is a second-order partial differential equation with respect
to y, are given as
Ψ
(n)
k (r)|(x,y=nd) = Ψ(n+1)k (r)|(x,y=nd), (17)
∂y(Ψ
(n+1)
k (r) − Ψ(n)k (r))|(x,y=nd)
= −κησzΨ(n+1)k (r)|(x,y=nd),
where κ = v/3kxλ. The wave function in the region (n −
1)d < y < nd is written as
Ψ
(n)
k (r) =
4∑
β=1
b
(n)
β ψ˜kβ (r), (18)
with
b(0) = (1, 0, r1, r2), b
(N) = (t1, t2, 0, 0). (19)
Inserting Eq. (18) in the boundary conditions of
Eq. (17), we obtain a local 4 × 4 transfer ma-
trix, T (n) = (Z−1n A
−1BZn) where A, B and Zn =
diag
(
eiky1nd eiky3nd eiky2nd eiky4nd
)
are 4× 4 ma-
trices. Therefore, when all modes are propagating, the trans-
mission and reflection probabilities can be obtained from T =∑2
γ=1 |tγ |2 and R =
∑2
γ=1 |rγ |2, respectively. However, the
probabilities are calculated from T = |t1|2 and R = |r1|2, if
there exist only two propagating modes.
Finally, using the transmission probability T (E, θ), the
electrical conductance of the topological insulators in the
ΓK(x) direction can be calculated from [21]
G/G0 =
∫ pi/2
0
T (E, θ) cos θdθ, (20)
where θ = arctan(ky/kx) is the electron incidence angle and
G0 is the unit of conductance.
5FIG. 3: Calculated transmission probabilities versus ky at energy
E = 100 meV for different number of defects, N , running along y
(ΓM) direction and various potential strengths U , measured in units
of eV·A˚. The lattice constant d is 10 A˚.
FIG. 4: Calculated transmission probabilities versus kx at energy
E = 100 meV for different number of defects, N , running along x
(ΓK) direction and various potential strengths U , measured in units
of eV·A˚. The lattice constant d is 10 A˚.
III. RESULTS AND DISCUSSION
To explore the dependence of incident energy and wave
vector of electrons on transport through the superlattice of lo-
calized defects, we have shown in Fig. 3 the transmission
probabilities in terms of ky at incident energy E = 100 meV
(< Ec) with different numbers of defects, extended along the
y direction. The perfect transmission at ky = 0 indicates the
absence of backscattering for incident electrons. This effect
which is known in relativistic field theory as Klein tunneling
[29, 30], happens for all N and U values. When ky (angle
of incidence) is increased for any value of U , the transmis-
sion probability changes continuously. Also, for any value of
ky (i.e., fixed angle of incidence), T changes alternatively in
terms of U . These are single barrier features found in single
barrier structures on graphene [31, 32] and are seen here as
well.
The resonant peaks seen in Fig. 3 can be attributed to con-
structive interferences due to multiple reflection of electron
waves between the line defects. The position and the number
of resonant peaks, as already seen in double-barrier structures
on graphene [31, 32], depend not only on the strength of U ,
but also on the acquired phase (kxd) of propagating waves be-
tween two line defects, i.e., d and the wave vector component
kx, which is E and θ dependent. It is clear that at incident
energy E = 100 meV, only electrons with ky < 0.04 A˚−1
can propagate through the superlattice (see Fig. 3). The zero
transmission probability at ky = 0.04 A˚−1 is trivial because
the incident electrons at such wave vector can travel only par-
allel to the line defects without crossing the barriers.
Now we consider the situation in which the defects are ex-
tended along the x direction. For this case, the transmission
probabilities as a function of kx at energy E = 100 meV are
depicted in Fig. 4. Unlike the perfect transmission at ky = 0
in Fig. 3, here the transmission probability is not perfect at
kx = 0 (normal incidence). This is because for nearly normal
incidence, the existence of localized decaying modes at the
defects can act as magnetic delta-function barrier for propa-
gating electrons, leading to finite reflections [19]. By chang-
ing the direction of propagation, the wave vector changes from
ky to kx. This leads to a different acquired phase of propagat-
ing waves between the defects and hence, the number and the
position of resonances show a drastic change, compared to
those in Fig. 3. The change in the resonances by varying the
propagation direction from ky to kx is coming from the fact
that Eq. (2) in term of ky is of order four, whereas it is of
order six in term of kx, causing a remarkable change in the
transmission spectrum. The zero transmission which is also
trivial at kx = 0.04 A˚−1 is due to the incident electrons par-
allel to the barriers.
By comparing Figs. 3 and 4, we find that at low energies,
the electron transmission through the localized defects on the
surface of topological insulator Bi2Te3 depends strongly on
the direction in which the line defects extend. Moreover,
the none-zero transmission probabilities for electrons with
kx(y) < 0.04 A˚−1 in both figures confirms a circular CEC at
low energies, even in the presence of warping term in the to-
tal Hamiltonian. The difference in the transport properties of
electrons through the line defects in x and y directions comes
from different boundary conditions Eqs. (8) and (17), and also
Eq. (2) which gives the roots of kx and ky . All these differ-
ences are originated from the asymmetry of Hamiltonian un-
der kx ←→ ky transformation. The discrepancy in the trans-
mission spectra in both directions becomes significant as the
potential strength is increased.
The incident electrons with E > Ec, however, are greatly
modulated by the warped energy contour. We have depicted
in Figs. 5 and 6 the transmission probabilities of electrons at
E = 400 meV and E = 250 meV through a superlattice of
6FIG. 5: Calculated transmission probabilities versus ky at incident
energy E = 400 meV for different number of defects, N , running
along y (ΓM) direction and various potential strengths U , measured
in units of eV·A˚. The lattice constant d is 10 A˚.
FIG. 6: Calculated transmission probabilities versus kx at incident
energy E = 250 meV for different number of defects, N , running
along x (ΓK) direction and various potential strengths U , measured
in units of eV·A˚. The lattice constant d is 10 A˚.
line defects, extended along y and x directions, respectively.
In this case, the incident energy is greater than the critical
value in both directions and the CEC becomes clearly warped,
as shown in Fig. 1. In fact, at high energies the change in kx,y
interval increases, leading to an increase in resonant peaks. In
addition, in some kx,y intervals, the number of reflected and
transmitted waves for each single barrier enhances, due to the
presence of warping effect. These can cause an increase in
the number of maxima in the transmission spectra. In Fig. 5,
the transmission probabilities exhibit three branches due to six
real roots in the momentum interval 0.08 A˚−1 ≤ ky ≤0.081
A˚−1, as a result of strong warping effect. Therefore, extreme
points with T = 1 or 0 appear (see the sharp drop in T at
ky = 0.08 A˚−1). This means that in this momentum interval,
incident electrons can be perfectly transmitted or totally re-
flected. It is worth mentioning that the increase in the number
of line defects does not affect the momentum interval in which
T drops and rises sharply. Also, the increase in the incident
energy value enhances the resonant peaks as the number of
defects is increased. Similar to the situation shown in Fig. 3,
the Klein tunneling happens at ky = 0. Moreover, the zero
transmission (total reflection) at ky = 0.157 A˚−1 corresponds
to an incident wave propagating along the line defects without
being scattered.
On the other hand, as can be seen in Fig. 6, the transmis-
sion spectrum in the x direction is different with that in the
y direction. In this case the transmission probability shows
two branches due to four real roots in the momentum inter-
val 0.082 A˚−1 ≤ kx ≤0.086 A˚−1 in which the incident wave
tends to become tangent to the defect. The total reflection at
kx = 0.082 A˚−1 corresponds to an incident wave propagat-
ing parallel to the defects, while the total reflection occurs at
kx = 0.086 A˚−1 corresponding to a point on the sharp corner
of CEC (see Fig. 1) in which the group velocity of electrons
in y direction becomes zero [19]. By increasing the num-
ber of line defects and/or the potential strength, the transport
through the superlattice varies drastically. For instance, as N
increases, the transmission spectrum through the line defects
with the potential strength U = 3 eV·A˚ vanishes (compare the
red curves in Fig. 6(a)-(d)) due to a strong destructive inter-
ference scattering from the line defects, while the finite prop-
agation occurs for the higher U values and the corresponding
number of resonant peaks enhances. In addition, similar to
the situation shown in Fig. 4, the transmission is not perfect at
kx = 0 (normal incidence). We note that in the case of barri-
ers along x axis (y axis), the incident direction is closer to the
tangent (normal) line of the barriers for the momentum values
at which multiple scattering occurs, regardless of the electron
energy (see Fig. 1). This reveals that the electron transport in
the presence of structural ripples on the surface of topological
insulators is direction dependent as a result of warping effect.
Based on the obtained results from Figs. (3) to (6), one can
conclude that at low energies where the CEC has a circular
shape due to the weak warping effect (see Fig. 1), the dom-
inant contribution of the resonant peaks in the transmission
spectrum comes from the quantum interference between the
incident and reflected propagating electrons. At higher ener-
gies E > Ec, however, the interference between the incident
and reflected propagating waves and also the multiple scatter-
ing processes on the CEC due to the strong warping effect,
contribute in the transmission spectrum.
The spatial separation between consecutive potential rip-
ples can be a key factor in direct correlation between the lo-
cal potentials. Such a separation is called the lattice constant
d in our theory. Therefore, to investigate the importance of
distance between the potential barriers, we have depicted in
Fig. 7 the transmission probabilities versus momentum ky for
fixed number of localized defects running along y direction
but different d values. As shown in Fig. 7(a) for electrons
with incident energy E = 140 meV (< Ecx) and lattice con-
7FIG. 7: Calculated transmission probabilities versus ky for two dif-
ferent d and E values. The number of potential barriers is fixed at
N = 5. U is measured in units of eV·A˚.
stant d = 10 A˚, by increasing the momentum ky , the trans-
mission probabilities gradually suppress, whereas some reso-
nant peaks are induced in the T spectrum at d = 40 A˚ (see
Fig. 7(b)). The appearance of resonances depends on the po-
tential strength U , affecting the location of resonant energies
between the potential barriers. Therefore, the increase in the
number of resonant peaks does not represent a linear relation
with the increase in the U values. In contrast, the T spectrum
for electrons with incident energy E = 400 meV (> Ecx) and
lattice constant d = 10 A˚ demonstrates some resonant peaks
for all U values, as shown in Fig. 7(c). Such resonances are
intensified in Fig. 7(d) for the structure with d = 40 A˚, due to
the expansion of acquired phase between potential barriers on
the surface of topological insulator.
According to the above discussion, the appearance of res-
onant peaks in the transmission spectra is dependent on the
scattering strength U and the number of defects N , the dis-
tance d between two adjacent defects, electron energy E, and
the angle of incidence θ. By varying these parameters, the
number of resonances changes irregularly and one cannot al-
ways expect a systematic trend in the transmission spectrum.
Nevertheless, by tuning the parameters and changing one of
them, regular features can be observed. For instance, Fig. 6
for U = 1 eV·A˚ shows that by increasing the number N of
line defects, the number of maxima (Fabry-Perot resonances)
increases, due to the multiple reflections, which can be under-
stood from double barrier structures on graphene [32].
To examine the transmission probabilities of electrons at
different incident angles, θ, we have shown T versus θ in
Figs. 8(a)-(b) and 8(c)-(d) for a series of line defects extend-
ing along y and x directions, respectively. Interestingly, we
can see in Fig. 8(a)-(b) perfect transmissions for normally in-
cident electrons (θ = 0), regardless of the potential strengths
and the number of ripples in y direction, which is a typical
signature of Klein tunneling [30, 33]. Moreover, the transmis-
FIG. 8: Calculated transmission probabilities in terms of electron
incidence angle θ at energies (a)-(b) E = 180 meV and (c)-(d) E =
250 meV for different number of line defects. The diagrams (a) and
(b) correspond to the superlattices with lattice constant d = 9 A˚
running along the y direction, while (c) and (d) correspond to the
superlattices with lattice constant d = 10 A˚ running along the x
direction.
sion profile is symmetrical about (θ = 0) due to the absence
of an external magnetic field along x direction [23]. Note that
although a magnetic field can shift the perfect transmission
from normal incidence to an off-normal angle (θ 6= 0) when
the magnetic field is along the x direction, time-reversal sym-
metry is not broken and the system remains conductive for
all surface electron energies [23]. The change in the potential
strength can shift the incident angles with perfect transmis-
sion. Also, the change in the U values may extend the non-
zero transmission over a wider range of incident angles, as
shown in Fig. 8(b). This reveals that the propagation of elec-
trons with incident energyE in a superlattice ofN line defects
running along y direction can be controlled by the incident an-
gle of electrons and the potential strength. On the other hand,
in Figs. 8(c)-(d), the transmission profiles of electrons at in-
cident energy E = 250 meV in a superlattice of line defects
along x direction exhibit only strong spikes as a result of res-
onant peaks, seen in the electron transmission spectra in this
direction, regardless of the number of ripples. The transmis-
sion of electrons is forbidden in a wide range of θ, especially
for tangential incident electrons, indicating that T (E, θ) for
electrons propagating through line defects extending along x
direction is quite different than that seen in Figs. 8(a)-(b). In
Figs. 8(c) and (d), the warping effect is significant. Moreover,
the angle of incidence θ is measured with respect to the nor-
8FIG. 9: Calculated conductance in superlattices of line defects with
potential strength U = 5 eV·A˚, consisting of (a) N = 5, (b) N =
10, (c) N = 15, and (d) N = 20 defects in terms of lattice constant
d.
mal line. Therefore, for the interval 0◦ ≤ θ ≤ 30◦ in which
the incident wave tends to become tangent to the barrier, T
approaches zero. Also, at θ = 60◦ (the sharp corner of CEC)
and θ = 30◦ (the extreme point between two sharp corners of
CEC) the transmission probability is zero, because the group
velocity becomes zero, i.e, vy = ( ∂E∂ky )kx = −vx(∂kx∂ky )E = 0
[19].
As mentioned above, such a feature comes from the asym-
metry of Hamiltonian under kx ←→ ky transformation and
originates from the hexagonal warping effect shown in Fig. 1.
This suggests that the influence of periodic ripples on trans-
port properties of electrons on the surface of topological in-
sulators is strongly dependent on the direction in which the
ripples are created. By forming such controlled ripples, one
can tune the electronic properties of Dirac fermions in the sur-
face of topological insulators [18].
Finally, we have shown in Fig. 9 the electrical conductance
in superlattices of line defects versus d for various number of
defects. By increasing the number of line defects, the con-
ductance exhibits oscillatory behavior at low d values. These
oscillations are significant at incident energy E = 100 meV,
while the amplitude of the oscillations decreases as E is in-
creased. The conductance remains above 0.5G0 at E = 100
meV in the given d interval, because the quantum interference
between the incident and reflected propagating electrons is the
only factor in the appearance of transmission resonances at
low energies [34]. In contrast, the conductance may approach
0.05G0 at high energies due to the multiple scattering pro-
cesses on the CEC as a result of strong warping effect. These
results clearly reveal that the spatial separation between line
defects, which can be experimentally created by strain via a
piezoelectric crystal on the surface of topological insulators
[18], is crucial in controlling the electric conductance.
IV. CONCLUSIONS
In summary, using a transfer matrix method, we have ex-
amined theoretically the influence of periodic line defects,
represented by delta-function potential barriers, and hexag-
onal warping effect on electronic transport on the surface of
topological insulators. We have shown that the electron trans-
mission and the resonant states are strongly dependent on the
number and strength of potential barriers and the direction in
which the defects extend. The warped-energy contour may
cause multiple scattering processes at high energies, whereas
the electron transmission is mostly affected by the quantum
interference between the incident and reflected electrons at
low energies. Moreover, the electrical conductance versus the
spatial separation between the potential barriers exhibits some
oscillations as the number of defects is increased. This sug-
gests that the surface electronic properties of topological in-
sulators can be controlled by creation of structural ripples in
an appropriate direction and also adjusting the energy and in-
cident angle of electrons. The preset formalism can also be
utilized to study ordered and/or disordered distributions of an
alternating set of line defects on the surface of topological in-
sulators.
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